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I.  Existing  definition

     For a 3 axes machine, the linear positioning errors are:

     3 Linear displacement errors Dx(x), Dy(y), Dz(z), 3 Vertical straightness errors

     Dy(x), Dx(y), Dx(z), and 3 Horizontal straightness errors Dz(x), Dz(y), Dy(z).
     Assume all these errors are independent, then the volumetric error is the root-mean  

     square sum of all the linear errors.  That is.

      Max DR = sqrt [{Max Dx(x)}² + {Max Dy(y)}² + {Max Dz(z)}² 

                          + {Max Dy(x)}² + {Max Dx(y)}² + {Max Dx(z)}² 
                          + {Max Dz(x)}² + {Max Dz(y)}² + {Max Dy(z)}²].

      Min DR = sqrt [{Min Dx(x)}² + {Min Dy(y)}² + {Min Dz(z)}² 

                          + {Min Dy(x)}² + {Min Dx(y)}² + {Min Dx(z)}² 

                          + {Min Dz(x)}² + {Min Dz(y)}² + {Min Dy(z)}²].

      The volumetric error = Max DR + Min DR.
      This definition is okay as long as the dominate errors are the 3 displacement errors (or 

 lead screw pitch errors).  However, recent machine tools with linear encoders or controller pitch error compensation, have reduced the linear displacement errors, and in many cases, the dominate errors are the straightness errors rather than the linear displacement errors.  Hence, the above definition is no longer valid.  A new definition is proposed here in the next section.
II. Proposed new definition

The linear displacement errors and the straightness errors are not independent and they are related as the following. 

DX(x,y,z) = Dx(x) + Dx(y) + Dx(z) 

DY(x,y,z) = Dy(x) + Dy(y) + Dy(z) 

DZ(x,y,z) = Dz(x) + Dz(y) + Dz(z),
Where DX(x,y,z), DY(x,y,z) and DZ(x,y,z) are the total errors in the direction of x, y, and z respectively.

To calculate the volumetric errors, first calculate the maximum and minimum of DX, DY, and DZ as the following.

Max DX = Max [DX(x,y,z)] = Max [Dx(x) + Dx(y) + Dx(z)]

               =  [Max Dx(x) + Max Dx(y) + Max Dx(z)]

Min DX = Min [DX(x,y,z)] = Min [Dx(x) + Dx(y) + Dx(z)] 

                     =  [Min Dx(x) + Min Dx(y) + Min Dx(z)]

Max DY = Max [DY(x,y,z)] = Max [Dy(x) + Dy(y) + Dy(z)]

               =  [Max Dy(x) + Max Dy(y) + Max Dy(z)]

Min DY = Min [DY(x,y,z)] = Min [Dy(x) + Dy(y) + Dy(z)] 

              =  [Min Dy(x) + Min Dy(y) + Min Dy(z)]

Max DZ = Max [DZ(x,y,z)] = Max [Dz(x) + Dz(y) + Dz(z)]

               =  [Max Dz(x) + Max Dz(y) + Max Dz(z)]

Min DZ = Min [DZ(x,y,z)] = Min [Dz(x) + Dz(y) + Dz(z)] 

              =  [Min Dz(x) + Min Dz(y) + Min Dz(z)].
     The DX, DY, and DZ are independent, then the volumetric error is the root-mean  

     square sum of these total errors.  That is,

Max DR = sqrt[ (Max DX)² + (Max DY)² + (Max DZ)² ]
Min DR  = sqrt[ (Min DX)² + (Min DY)² + (Min DZ)² ]

The volumetric error = Max DR + Min DR
III. Examples
Based on 2 measured machine tool data, we have calculated the volumetric errors using the existing definition and the proposed definition.  The results are quite different. 

Example 1,  Working volume is X = 2000 mm, Y = 3000 mm, and Z = 1000 mm,

Using the existing definition, the calculated volumetric error is 0.077856 mm.
	Errors
	DXX
	DXY
	DXZ
	DYY
	DYX
	DYZ
	DZZ
	DZX
	DZY

	max:
	0.013632
	0.007299
	0.008677
	0.036034
	0.002505
	0.002594
	0.004117
	0.014923
	0.001638

	min:
	-0.00373
	0
	-0.00893
	-0.00559
	-0.01455
	-0.02581
	-0.00809
	-0.00926
	-0.00676

	rms Max
	0.043222
	
	
	
	
	
	
	

	rms min
	0.034635
	
	
	
	
	
	
	
	

	Max-min
	0.077857
	
	
	
	
	
	
	
	


Using the proposed definition, the calculated volumetric error is 0.109176 mm, which is 40% higher.

	
	DX
	DY
	DZ
	rms
	Max-min

	max:
	0.03106
	0.044971
	0.015388
	0.056779
	

	min:
	-0.02754
	-0.01235
	-0.04283
	0.052397
	0.109176


         Example 2,  Working volume is X = 40”. Y = 20”, and Z = 20”
	Target
	DXX
	DXY
	DXZ
	DYY
	DYX
	DYZ
	DZZ
	DZX
	DZY

	max:
	0.000484
	0.000316
	0.000039
	-6E-07
	2.2E-06
	0.000201
	0.000179
	6.2E-06
	0.000056

	min:
	0.000651
	-1.3E-05
	-0.0005
	0.00044
	-0.00189
	0
	-0.0003
	0.00112
	-0.0004

	rms Max
	0.000642
	
	
	
	
	
	
	

	rms min
	0.002442
	
	
	
	
	
	
	
	

	Max-min
	0.003084
	
	
	
	
	
	
	
	


         Using the existing definition, the calculated volumetric error is 0.003084”.

Using the proposed definition, the calculated volumetric error is 0.004595” which is 49% higher.

	
	DX
	DY
	DZ
	rms
	Max-min

	max:
	0.0004929
	0.000371
	0.00042
	0.000746
	

	min:
	-0.0036653
	-0.00086
	-0.0008
	0.003849
	0.004595
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